Abstract. Let R be a commutative Noetherian ring, a be an ideal of R and M be an R-module. It is shown that if Ext
Introduction
Let R denote a commutative Noetherian ring with identity and a be an ideal of R. For an R-module M , the ith local cohomology module of M with respect to a is defined as H i a (M ) ∼ = lim
−→ n∈N
Ext i R (R/a n , M ).
For more details about the local cohomology, we refer the reader to [9] . In 1968, Grothendieck [12] conjectured that for any ideal a of R and any finitely generated R-module M , Hom R R/a, H i a (M ) is a finitely generated R-module for all i. One year later, by proving a counterexample, Hartshorne [13] showed that the Grothendieck's conjecture is not true in general even R is regular and introduced the class of cofinite modules with respect to an ideal. He defined an R-module M to be a-cofinite if Supp R (M ) ⊆ V (a) and Ext j R (R/a, M ) is finitely generated for all j and posed the following question:
• For which rings R and ideals a is the module H i a (M ) a-cofinite for all i and all finitely generated R-modules M ? There are many papers that are devoted to study this question. For example, see [13, 10, 11, 20, 6] .
In [21] , Zöschinger introduced the interesting class of minimax modules, modules containing some finitely generated submodule such that the quotient module is Artinian. As a generalization of the concept of a-cofinite modules, the concept of a-cominimax modules was introduced in [4] . An R-module M is said to be acominimax if Supp R (M ) ⊆ V (a) and Ext j R (R/a, M ) is minimax for all j. Since the concept of minimax modules is a natural generalization of the concept of finitely generated modules, many authors studied the minimaxness of local cohomology modules and answered the Hartshorn's question in the class of minimax modules (see [2, 3, 4, 15] ).
As an important problem in commutative algebra is determining when the Bass numbers and Betti numbers of a module is finite. In this direction, recently, Bahmanpour et al. in [8] proved that for any a-torsion R-module M that Ext i R (R/a, M ) is finitely generated for all i ≤ dim M , all Bass numbers µ j (p, M ) and all Betti numbers β j (p, M ) of M are finite. In this paper, as a generalization of this result, we will prove that the assertion in this result holds when we replace "finitely generated" by "minimax". More precisely, we shall show that:
Our main tools for proving this result is the following theorem which states some conditions for the cominimaxness of local cohomology modules with respect to ideals of dimension one.
Then the following assertions hold:
(
is minimax for all i ≥ 0 and for any finitely generated R-module N with Supp R (N ) ⊆ V (a) and dim N ≤ 1.
The proof of Theorem 1.2 is given in Proposition 2.6 and Theorem 2.7. Throughout the paper, we assume that R is a commutative Noetherian ring, a is an ideal of R and V (a) is the set of all prime ideals of R containing a. For any unexplained notation and terminology we refer the reader to [16] .
MAIN RESULTS
Recall that a class of R-modules is a Serre subcategory of the category of Rmodules when it is closed under taking submodules, quotients and extensions. For example, the classes of Noetherian modules, Artinian modules or minimax modules are Serre subcategories. As in standard notation, we let S stand for a Serre subcategory of the category of R-modules. The following lemma which is needed in the sequel, immediately follows from the definition of Ext and Tor functors.
Lemma 2.1. Let M be a finitely generated R-module and N ∈ S. Then Ext
Suppose that M is a finitely generated R-module and N is an arbitrary R-module. Let for some t ≥ 0, Ext
Let us mention some elementary properties of the minimax modules that we shall use.
Remark 2.3. The following statements hold:
(1) The class of minimax modules contains all finitely generated and all Artinian modules. 
Proof. Since the class of minimax modules is a Serre subcategory, the assertion follows from [1, Lemma 2.3].
The following lemma is well-known for a-cominimax modules. The following proposition which states some conditions for the cominimaxness of local cohomology modules with respect to ideals of dimension at most one, plays a key role for proving the next theorem and the main result of this paper. Proof. Let N be a finitely generated R-module such that Supp R (N ) ⊆ V (a) and dim N ≤ 1. Then, using [16, Theorem 6.4] , there exist prime ideals p 1 , · · · , p t of R and a chain 0 = N 0 ⊆ N 1 ⊆ · · · ⊆ N t = N of submodules of N such that N j /N j−1 ∼ = R/p j for all j = 1, · · · , t. Since p j ∈ Supp R (N ), we deduce that dim R/p j ≤ 1 and so in the light of Proposition 2.6, the R-module H i pj (M ) is p jcominimax for all i ≥ 0 and for each j = 1, · · · , t. Thus, by [19, Corollary 3.10] , the R-module Ext i R (R/p j , M ) is minimax for all i ≥ 0 and for each j = 1, · · · , t. Now, considering the exact sequences
we infer that Ext Proof. Let p ∈ Spec(R) and k(p) = R p /pR p be the residue field of R p . If p / ∈ V (a), then M p = 0 by assumption and there is nothing to prove. Otherwise, using Theorem 2.7 and letting N := R p /pR p , we conclude that the R p -module Ext Consequently, we get the following equivalent conditions for the cominimaxness of local cohomology modules with respect to ideals of dimension at most one. Proof. It yields from [7, Theorem 2.3] and Corollary 2.9.
